In this work we study the formation and dynamics of polarons in a system with a few impurities in a lattice immersed in a Bose-Einstein condensate (BEC). This system has been experimentally realized using ultracold atoms and optical lattices. Here, we consider a two-band model for the impurity atoms, along with a Bogoliubov approximation for the BEC, with phonons coupled to impurities via both intraband and interband transitions. We decouple this Fröhlich-type term by an extended two-band Lang-Firsov polaron transformation using a variational method. The new effective Hamiltonian with two (polaron) bands differs from the original Hamiltonian by modified coherent transport, polaron energy shifts, and induced long-range interaction. A Lindblad masterequation approach is used to take into account residual incoherent coupling between polaron and bath. This polaronic treatment yields a renormalized inter-band relaxation rate compared to Fermi's golden rule. For a strongly coupled two-band Fröhlich Hamiltonian, the polaron is tightly dressed in each band and can not tunnel between them, leading to an inter-band self-trapping effect.
I. INTRODUCTION
The field of ultracold atom physics has explored a wide variety of phenomena since its relatively recent accessibility, with a major feature being the tunability of experiments across wide parameter regimes [1] [2] [3] [4] , to easily access and probe phase transitions [5, 6] , as well as excitation spectra and dynamics of systems analog to condensed matter [7] [8] [9] [10] . Even features such as artificial gauge fields can be implemented for neutral atomic particles, allowing for the investigation of topological phases [11, 12] .
Within this ultracold toolbox, one ingredient is becoming of increasing interest in recent years which is of vital importance to real solid-state systems: phonons and atom-phonon coupling [13] [14] [15] [16] . Such a coupling provides many interesting possibilities [17] [18] [19] . For one, it can lead to effective Hamiltonians, such as extended Hubbard models or the Holstein model [20] [21] [22] [23] [24] , as well as dissipative two-level system [25] [26] [27] [28] . Polaronic effects from electron-phonon interactions have also long been suggested to be the proponent behind high-T c superconductivity in one-and two-band solid-state systems [29] [30] [31] [32] [33] [34] [35] . In ultracold quantum gases, evidence of polarons has been found in systems with trapped ions [36] or systems with a single ion immersed in a degenerate quantum gas [37] [38] [39] [40] [41] [42] [43] . On the other hand, the atomic polaron has also been studied both experimentally and theoretically in systems of imbalanced Bose-Fermi mixtures [44] [45] [46] [47] [48] [49] and Fermi-Fermi mixtures [50] [51] [52] [53] [54] [55] [56] [57] . In the particular case of a system with impurities immersed in a bosonic bath, these impurities couple to bosonic excitations. For suitable parameters, polaronic phenomena arise generically * Electronic address: taoyin@itp.uni-frankfurt.de in such systems . There are also other proposals for realizing atom-phonon couplings and polaronic effects, including crystals of dipolar molecules [82] [83] [84] , nanoparticles [85, 86] and hybrid atom-ion coupled systems [87] .
None of these works consider polaronic phenomena of multi-band systems with ultracold quantum gases. In such systems, the inter-band dynamics of polarons, as well as intra-band dynamics, lead to new effects which have no analogue in single band systems. Motivated by recent experiments [88] [89] [90] [91] , we consider a system of a few impurities in an optical lattice, populating the lowest two Bloch bands, immersed in a Bose-Einstein condensate. These impurities are coupled to Bogoliubov phonons (of the BEC) via both intra-and inter-band transitions. In order to decouple this Fröhlich-like term, we derive a generalized two-band Lang-Firsov polaron transformation. The transformed effective Hamiltonian still contains two bands, where the impurity is now dressed by phonons as a quasi-particle (polaron). We use a variational approach to connect between the weak and strong coupling limits and calculate the dressing parameters. Polaronic effects modify both intra-band coherent transport and polaron energy shifts, and also induce a long-range interaction between different polarons.
We then focus on inter-band relaxation effects and specify our system as a single impurity trapped in a quasi-1D system. We study the residual incoherent coupling between polaron and bath by using a Lindblad master equation. The impurity inter-band relaxation process under this polaronic treatment is beyond a Fermi's Golden Rule description. These polaronic renormalization effects of the inter-band relaxation rate should be accessible in current experiments. On the other hand, for large impurity-phonon coupling, the polaron is tightly dressed in each band and cannot hop between different bands. In this limit, an inter-band self-trapping effect is expected.
This work is organized as follow: in section II, we introduce the effective two-band Hamiltonian of a realistic experiment setup, with a few impurities in a lattice, immersed in a Bose-Einstein condensate (BEC) of a different atomic species. In section III, we describe in detail the generalized Lang-Firsov polaron transformation for the two-band system. The transformed Hamiltonian with two (polaron) bands can be separated into a coherent part and an incoherent part. The coherent part, arising from the thermal average over the phonon bath, is discussed in section IV. The inter-band relaxation and decoherence effects, which are all included by the incoherent part of this Hamiltonian, are discussed in section V. We derive the Lindblad equation and correlation functions for the residual incoherent impurity-phonon coupling. This polaronic impurity dynamics is closely related to recent experiments. The polaronic inter-band relaxation rate is compared to Fermi's Golden Rule. We give concluding remarks and an outlook in section VI.
II. EFFECTIVE HAMILTONIAN
Here we consider a few neutral impurities with mass m I interacting with a Bose-Einstein condensate of another neutral species. The impurities are trapped by a 3D optical lattice and their Hamiltonian is denoted by H I . The homogeneous BEC system H B is formed by another atomic species with mass m B and a weak repulsive interaction g B . The impurity-BEC interaction H int is caused by s-wave interactions between the different species, which can be tuned by standard Feshbach resonance techniques. The total Hamiltonian is hence
We describe these different terms in detail in the following parts of this section.
A. Impurities in optical lattice -HI
We consider a quasi-1D system with impurities trapped in an anisotropic 3D optical lattice:
with lattice constant d = λ/2 and laser wavelength λ. We use the lattice constant d as the unit of length throughout this paper. The single impurity recoil energy is E R ≡ π 2 2 / (2m I ). The trapping strength in the transverse (y, z−) direction is assumed to be much stronger than in longitudinal (x−) direction with V 
with transverse characteristic length
In the longitudinal direction, on the other hand, the impurities populate both the lowest and the first excited band. In principle, exact Bloch wave functions need to be calculated numerically, which can then also be represented as linear combinations of Wannier states ϕ 0(1) x (x). In a deep lattice, the Wannier functions can be approximated by the lowest two eigenstates of a harmonic oscillator
with longitudinal characteristic length σ x ≡ / (m I ω x ) and oscillation frequency ω x ≡ 2 (V x I E R ) 1/2 . In this highly anisotropic system, impurities can hop to their nearest-neighbor sites only along the longitudinal direction. A particle localized on lattice site j will be described by the wave function
Due to the low density of impurities, their dynamics can be modeled by a non-interacting two-band Hubbard Hamiltonian:
where J α and ε α are the hopping parameters and on-site energy for each band with index α = 0, 1. In a deep lattice, the band gap ε ∆ ≡ ε 1 − ε 0 can be approximated as the longitudinal oscillator frequency ω x . In this work we only consider inter-band dynamics between the lowest two Bloch bands and ignore higher band effects.
B. Bosonic bath
The impurities are immersed in a homogeneous BEC with weakly repulsive boson-boson interaction g B between the atoms. In a dilute system, this weak interaction can be described by boson-boson scattering length a B as g B = 4π
2 a B /m B . For vanishing inter-species interaction g IB between impurity and bath, the BEC can be described by standard Bogoliubov theory and treated as a phonon bath (see Fig. 1 ). Once g IB is introduced, the BEC becomes deformed due to the presence of impurities. This interaction is closely related to the impurity-boson scattering length and other system parameters such as the impurity-boson mass ratio and the impurity confinement strength. The relation can be determined by making use of scattering theory in the low-energy limit, such as the Lippmann-Schwinger equation or effective field theory [92] . For an unconfined impurity, the inter-species interaction g IB can be derived as g IB ≡ 2π
2 a IB /µ with the reduced mass Dispersion relation . The dashed blue lines at k = ±π indicate the first Brillouin zone in longitudinal direction. The phonon dispersion ωq (red line) is described by Bogoliubov theory where q ≡ (qx, qy,qz) is the phonon momentum. The dashed red lines at qx = ±|q0| indicate that the phonon energy matches with the impurity band gap
and 3D impurity-boson scattering length a IB . On the other hand, for the confined impurity, g IB needs to be treated carefully due to lattice effects such as confinement induced resonances [93, 94] . In the specific system we considered here, the impurity is confined in one-dimensional tube (quasi-1D) by an anisotropic optical lattice while the bosonic atoms are free in three-dimensional space (3D). When the transverse characteristic length σ ⊥ is much smaller than any other length scales, the resulting system is mixeddimensional. At low energies, the inter-species interaction is solely characterized by a single parameter, the effective scattering length a eff IB , whose value can be obtained numerically [95] . This fact also allow us to arbitrarily tune the value of a eff IB by tuning the transverse confinement strength, independently of tuning the Feshbach resonance position.
Here we use the approach in [60, 61] , where the deformation is treated as a perturbation around the BEC ground state. The bosonic field operator is expanded asψ (r) = ψ 0 (r) +θ (r), where ψ 0 (r) is the order parameter in the absence of inter species interaction and ϑ (r) = ϑ (r) +ζ (r) represents the perturbation itself, which consists of a correction to the order parameter, ϑ (r), and Bogoliubov excitation operatorsζ (r). The modified BEC ground state is described as ψ 0 (r) + ϑ (r), which is the Gross-Pitaevskii solution including the presence of impurities. This modification ϑ (r) shifts the equilibrium positions in order to minimize the total energy of the system. The small excitationsζ (r), around the static GP ground state ψ 0 (r) + ϑ (r) of the condensate, can be described in the terms of Bogoliubov modeŝ
with bosonic operatorsβ † q (β q ) creating (annihilating) a Bogoliubov quasi-particle with momenta q. The coefficients u q (r) and v q (r) can be determined by Bogoliubovde Gennes equations:
with the system quantization volume Ω and the Bogoliubov phonon dispersion
where n 0 = |ψ 0 | 2 is the condensate density. As pointed out in [61] , the coefficients u q (r), v q (r) and Bogoliubov phonon spectrum ω q are not changed by the presence of the impurity, although the equilibrium positions of the modes are modified by ϑ (r). In [61] , they expressθ (r) = ϑ (r) +ζ (r) in terms of Bogoliubov modes around the state ψ 0 (r) aŝ
In contrast to Eq. (6), the bosonic operatorsb † q (b q ) create (annihilate) a quasi-particle around the ground state ψ 0 (r) in absence of impurity rather than around state ψ 0 (r) + ϑ (r). The Hamiltonian (up to constant terms) for this effective phonon bath can be simply expressed aŝ
if the impurity-BEC coupling g IB satisfies condition | ϑ (r) | ψ 0 (r), which implies the dimensionless relation:
where ξ ≡ / √ m B g B n 0 is the condensate healing length and D = 3 for a 3D homogeneous bosonic bath [60] . Strictly speaking, even when the coupling g IB is stronger than this limit, the perturbation theory still qualitatively applies. For very strong interactions, however, the bath can not be properly described by Bogoliubov quasiparticles any more. The above perturbative method can also be used in a system where the impurities and BEC are both trapped by optical lattices [64] .
C. Atom-phonon coupling
The impurity-BEC interaction of the Hamiltonian can be written aŝ 
Note that the impurity-phonon coupling M αβ i,q obeys:
The integral factors m αβ q take the form
In a deep optical lattice, where the impurity Wannier functions in Eqs. (1-3) can be approximated as harmonic oscillator states, we can explicitly evaluate these factors:
by using the identity for Hermite polynomial integrals [96] . Here q ⊥ ≡ q 2 y + q 2 z indicates the transverse phonon momentum.
In order to describe polaronic effects resulting from the impurity-BEC coupling, we introduce a dimensionless coupling constant as in [73] and name it κ. This constant depends on the impurity-boson and boson-boson interactions g IB , g BB and the condensate parameters ξ and m B as
As described in [73] , this constant is the ratio κ = E IB /E ph between the characteristic impurity-boson interaction E IB = g IB n 0 ξ −3 and the typical phonon energy E ph = c/ξ, where c = g B n 0 /m B is the condensate speed of sound. In [62] an alternative dimensionless coupling constant is used as
or equivalently α = 4πn 0 a 2 IB ξ. These two coupling constants are related by α = (κµ/m B )
2 /π, where µ is the reduced mass. There are also other coupling constants used [59, 74] , which are slightly different from α or κ. By tuning the impurity-boson scattering length a eff IB , the coupling constant κ can be tuned continuously. However, the condition in eq. (10) requires that the coupling constant satisfies the relation
This upper limit of the coupling constant κ c depends only on the boson-boson scattering length a B and the condensate density n 0 instead of the specific mass ratio m I /m B . In a typical BEC system, this maximum coupling constant is relatively small, such as κ c ≈ 2.4 for 87 Rb with a B = 100a 0 and n 0 ≈ 10 14 cm −3 . In order to reach larger values of κ c in realistic systems, one need to reduce the condensate density n 0 or the Bose-Bose scattering length a B .
Finally the effective Hamiltonian with two-band Fröh-lich impurity-phonon coupling iŝ
Here we used the relations in Eq. (14) . This Hamiltonian describes a general two-band system with impurityphonon coupling, which can also be realized by other experimental setups such as hybrid atom-ion systems [87] .
III. VARIATIONAL TWO-BAND POLARON TRANSFORMATION

A. Transformation with exponential quadratic operators
This two-band Hamiltonian in Eq. (19) , with Fröhlich-type impurity-phonon coupling, can not be solved analytically even for the case of a single impurity. The goal of this paper is to find a simple but non-trivial variational method which can deal with the two-band system (19) in general. We choose the Lang-Firsov polaron transformation approach and generalize it to two-band system. This canonical transformation is exact and decouples the impurity-BEC interaction term in a new quasi-particle basis. In this basis, the kinetic part in Hamiltonian (19) contains the dynamics of quasiparticle and its interactions between the transformed phonon bath. We solve the coherent part of this transformed Hamiltonian with a variational treatment and take into account the remaining incoherent parts by a master equation.
Firstly we introduce the basic concept of the transformation for a single band before we extend it to the twoband case. When a single impurity moves in a lattice and couples to a phonon bath, there are exact solutions in both the weak and strong coupling limit [21] . When the impurity-phonon interaction is much weaker than the impurity kinetic energy, the impurity behaves as a free particle in a lattice. On the other hand, when the interaction is much larger than the kinetic part, the impurity will be tightly dressed by a "cloud" of phonons, forming a quasi-particle. The phonons are tied to the impurity such that the impurity cannot move on its own but must drag around a phonon cloud. This increases the effective mass of the quasiparticle. In the intermediate coupling region, the phonon dressing competes with the impurity dynamics. In order to describe this competition, a variational ground state can be used to connect between the weak and strong coupling limits [27, 69, [97] [98] [99] [100] . This variational ansatz is equivalent to a canonical transfor-
where Λ i,q are the variational parameters. The transformed HamiltonianH still cannot be solved analytically, but can be separated into a coherent part H T and an incoherent partH inc ≡H − H T where · · · T indicates a thermal average over the phonon bath. The coherent part, which is decoupled from the phonon bath, is of the form of an extended (polaronic) Hubbard model. The incoherent part describes the residual coupling between polaron quasi-particle and phonon bath. Compared to the initial "bare" impurity-phonon coupling, this incoherent part is significantly reduced by the polaron transformation. We first focus on the coherent part and neglect the incoherent terms. The variational parameters Λ i,q are determined by minimizing the coherent Hamiltonian energy and approach Λ i,q = M i,q in the strong coupling limit. Finally, the residual incoherent part can be included by a perturbative approach such as the Lindblad master equation.
In order to find a suitable variational transformation for the two-band system, we modify the Lang-Firsov polaron transformationH = eŜHe −Ŝ by extending the impurity-phonon interaction to the two-band form. It takes the form:
with
A similar method was also applied by Sibley and Munn in [101] [102] [103] [104] and Stojanović et al. in [99] for a single-band system with non-local impurity-phonon coupling. Our initial guess for the variational parameters is the coupling element itself, M αβ q , and we constrain the variational parameters to obey the same symmetry properties as M αβ q , namely that of Eq. (14) . By using the Baker-Campbell-Hausdorff formula, eŜÂe
can derive the transformed Hamiltonian with exponential quadratic operators as outlined in Appendix A. For convenience, these expressions can be written in 2 × 2 matrix form via
and
After the transformation, the impurity annihilation and creation operators can be expressed through
and similarly for the creation operators. The matrix operatorsX i are found to bê
In the same fashion as was described above for the single band system, this canonical transformation is equivalent to defining a new quasi-particle, which represents an impurity dressed by the phonon cloud forming a polaron. This transformation also shifts the equilibrium position of the phonon bath by
but it does not modify the phonon dispersion relation.
In Appendix A, we show the derivations for Eq. (21-23).
The transformed polaronic Hamiltonian can be written as:
where J and ε is the (diagonal) matrix form of J α and ε α . Here we combine all single impurity contributions in the second line. The last term, which is zero when only a single impurity is considered, describes induced polaronpolaron interactions due to the coupling with the phonon bath. Compared to the original Hamiltonian in Eq. (19), the hopping and on-site energy have been modified. As for the single band system, this Hamiltonian contains all interactions exactly and is hard to solve analytically. Motivated by the single-band system, we separate the Hamiltonian into coherent and incoherent parts, H T andH − H T respectively. The explicit form of the coherent terms, which conserve the number of phonons, is determined in Appendix A. In Eqs. (A17, A18, A25, A28) we calculate all possible coherent terms in Eq. (24) . After determining the variational parameters Λ q by minimizing the free energy of the coherent part, we treat the residual polaron-bath coupling in the incoherent part as a perturbation and solve it by a Lindblad master equation.
B. Diagonal transformation matrix
In Appendix A, we calculate the coherent part H T by averaging over the phonon bath and assuming it is thermal. In contrast to the single-band case, these calculations are demanding when both intra-and inter-band phonon couplings are included. In order to determine the variational parameters Λ q , we finally need to minimize the free energy of whole coherent Hamiltonian. Until now, we did not make any assumptions for our variational parameters Λ q except for the symmetry relations in Eq. (14) .
Unfortunately, the general result of the transformed Hamiltonian in Eq. (24) and its corresponding coherent part are still quite complicated. It can be further simplified by making some approximations suitable to our specific system. Due to conservation of energy, the phononinduced inter-band dynamics requires the phonon energy to match the impurity band gap, i.e. ω q ≈ ε ∆ . This energy scale involves a phonon with particle-like dispersion and momentum |q| ≈ 2m B ε ∆ / significantly far from zero. The inter-band coupling M 01 q for this large phonon momentum is highly reduced due to the Gaussian decay of m 01 q in Eq. (15) . On the other hand, intraband dynamics requires a phonon energy ω q ≈ J 0 ; J 1 with phonon-like dispersion and small momentum |q|
is not reduced too much at this smaller momentum. In the polaron transformation, the parameters Λ αβ q reflect the dressing of the impurity by phonons and are closely related to M αβ q . For this reason, we treat the inter-band coupling as small and approximate the matrices Λ q as diagonal:
with variational parameters λ 0 q and λ 1 q . Since the intraband couplings M αα q are purely real numbers in our system, we assume λ α q are also real numbers. After the transformation with these diagonal matrices Λ q , we have then decoupled the intra-band impurity-phonon coupling and leave the (relatively) small inter-band coupling in the new polaronic two-band Hamiltonian. The coherent part, with phonons eliminated by thermal averaging, is a many-body Hamiltonian:
with renormalized polaronic hopping terms J α P and onsite energy ε α P including the polaron energy shift:
In the above formula, we use the fact that operatorsX i have only diagonal terms. There are also induced interactionsV P between multiple polarons, which can lead to strong correlations in the system and will be discussed in the next section. In the above calculations, we need to sum over all possible phonon momenta q. In the thermodynamic limit of the phonon bath, we use the relation
D´d q with quantization volume Ω for the phonons, and write this explicitly in cylindrical coordinates:
For the polaronic intra-band hopping J α P , we only need to calculate nearest-neighbor terms with j = i±1 regardless of the specific value of i. By noting that (27) where
−1 is the thermally averaged phonon occupation number, we define polaronic renormalization factors
for each band and thus
. We would like to note that the choice of diagonal transformation matrices Λ q works well when the inter-band coupling is less important that the intra-band coupling. By choosing diagonal matrices, we treat each of the two bands independently. This approach is similar as the authors in Ref. [60, 61] did for single band problem, except a variational treatment was used. On the other hand, when the off-diagonal terms in the coupling matrix M q are comparable or larger than the diagonal terms, one must instead deal with the general transformed Hamiltonian in Eq. (24) . For completeness, we describe a more general approximate technique in Appendix A, which may be useful for other types of systems. We intend to address the approximation introduced in this section more explicitly and quantitatively in a future publication.
IV. COHERENT POLARON DYNAMICS AND INTERACTIONS
A. Single polaron band structures
In the previous section, we derived a general form of the two-band polaron transformation and calculated the resulting coherent part of the Hamiltonian in Eq. (25) . For the system with a single polaron, there are only intraband terms in the coherent Hamiltonian (25) . The single impurity is dressed by a coherent phonon cloud in each band. The residual inter-band polaron-bath coupling will appear only in the incoherent Hamiltonian. It is easy to diagonalize the single-polaron coherent part in the momentum representation and minimize the free energy F ≡ −k B T ln α,k exp (−E α k /k B T ) for this twoband system, with polaron dispersion:
Here k is quasi-momentum in longitudinal direction. These variational parameters, which are real numbers, can then be determined by the self-consistent equations:
Before numerically calculating the variational parameters λ α q , we firstly discuss some properties of this selfconsistent equation. Considering a simplified model with momentum-independent variational parameters λ in a single band system, we choose to minimize only the ground state energy. The self-consistent equation (30) will be modified as
From the analysis in [99, 100] , this equation has two locally stable solutions λ − , λ + once the adiabatic regime is achieved when
These two solutions λ − , λ + , corresponding to two local minima of ground state energy, indicate the impurity is respectively loosely or tightly dressed by phonons. At a critical impurity-phonon coupling with q f q |M q | 2 = 27/8, when the two minima become equal, the lowest energy state solution abruptly switches from λ − to λ + , indicating a first-order polaronic transition. On the other hand, the solution of λ is a smooth and continuous crossover when the adiabatic condition is broken with small value of |J|. This transition-crossover behavior also appears later when solving the self-consistent equation (30) numerically, although we have considered a much more simplified model here. Strictly speaking, this sharp polaronic transition in the adiabatic regime is due to the mean-field approximation by thermal averaging of the phonon degrees of freedom. This drawback could be improved if we were to treat the incoherent dynamics properly, by taking into account fluctuations or using a master equation method.
We now compare the variational parameters λ α q = Λ αα q /M αα q from Eq. (30) and polaron dressing effects for different system parameters. In Fig. 2(a) we show the coupling factor λ α q in each band for the temperatures k B T = 0, E R , 2E R , where it can be seen that the variational parameters λ α q are always smaller than 1. This shows the competition between intra-band dynamics and phonon dressing effects. These variational parameters are also different for the two bands, since the polaron is dressed differently in each band. We have focused on the results for momentum in the longitudinal direction with q = (q x , 0, 0) and find that the low-momentum phonons are less dressed at higher temperatures k B T ≈ E R J α . Here E R corresponds to a temperature of about 65nK for a 133 Cs impurity trapped by lasers with wavelength 1064nm. In Fig. 2(b, c) we also show the the factors
These factors λ α thus indicate the differences between our initial guess for the variational parameters Λ although these factors are different for each band and different temperatures, they always approach λ α = 1 in the limit of strong interaction. In order to reach larger values of the coupling constant, in Fig. 2(c) we show results with κ c = 7.6 by assuming condensate density n 0 = 0.01 × 10 14 cm −3 . In the upper plot of Fig. 2(c) , we notice that the parameter λ shows a polaronic transition in the adiabatic regime when the condition Eq. (32) is satisfied at finite temperature. On the other hand, λ shows a smooth crossover behavior in the non-adiabatic regime at zero temperature.
In the coherent part of the Hamiltonian Eq. (25), the single polaron band structure is modified by phonon dressing effects in Eq. (26) . Effectively, the polaron is trapped in a deeper lattice, with larger mass. The effective mass of a single polaron (at k 0 = 0) in an optical lattice can be defined as
If the impurity-BEC coupling g IB increases, the polaron effective mass will increase exponentially as m 
Due to phonon dressing effects, the polaronic band gap ε ∆ P ≡ ε 1 P − ε 0 P is also increased. This will affect the interband relaxation dynamics. In Fig. 4 we show the onsite polaron energy and band gap renormalization versus impurity-BEC coupling constant. In both Fig. 3(a) and Fig. 4(a) , without loss of generality, we set the initial lower band on-site energy ε 0 to zero. As shown in Fig. 4(b) , the band gap renormalization is almost temperature independent. These quantities are only slightly affected by temperature due to different variational transformation matrices Λ q , as predicted in Eq. (26) . Although the band gap is not significantly changed, this renormalization effect is important for inter-band resonance conditions, which are required for Landau-Zener tunneling to take place in a tilted lattice [105, 106] .
B. Effective interactions between polarons
Here we briefly discuss interactions between polarons, by considering the additional interactions between impurities beyond the original Hamiltonian (19) , which are given byV
with the impurity on-site intra-/inter-band Hubbardtype interaction U αβ . After the polaron transformation, the coherent Hamiltonian Eq. (25) for the multi-polaron system contains effective interactionsV P with both intraand inter-band terms. In principle, the variational parameters λ q should be determined by minimizing the total free energy. This is hard for the many-impurity system. Here we assume that the polaron parameters are not modified from the single polaron case, due to the low density of impurities in our dilute system. The effective interaction termsV P in Hamiltonian Eq. (25) take the form:
with long-range bath induced interaction terms: 
witĥ
As it was shown in [60, 107] , these induced densitydensity interactions V density-induced inter-band transitions, which are due to the inter-band polaron-bath coupling.
In Fig. 5(a) we show the induced density-density interactions V αβ i,j versus distance |i − j| between polarons between each band. Since these interactions are induced by the impurity-BEC coupling, the long-range behavior is related to the condensate healing length ξ. Here we assume we can obtain large values for ξ by tuning the Bose-Bose scattering length a B to a small positive value or keeping the condensate density n 0 small. In Fig. 5(b) we also show the ratio of V αβ i,j between on-site and nearest neighbor terms versus ξ. These ratios increase with the BEC healing length, indicating a longer effective range of the interactions. The effects of these interactions, which are beyond this paper, might include new ordered polaron phases in our system with Hamiltonian Eq. (25) . As shown in Fig. 5(c) , if we consider that the transverse confinement is due to a very deep optical lattice instead of a single well, different 1D tubes could then interact due to the bath-induced long range (attractive) interactions. A more rich phase diagram is expected in such mixeddimensional system coupled to a bosonic bath [108] [109] [110] [111] .
V. LINDBLAD EQUATION AND INTER-BAND DYNAMICS
The incoherent part of the HamiltonianH inc =H − H T includes the residual coupling between polarons and phonon bath:
withT
There are three different coupling terms in Eq. (39): 1) an intra-band part due to hopping of the polaron to nearest neighbor sites and residual phonon dressing effects; 2) an inter-band part due to polaron dynamics between two bands; and 3) a mixed many-body term due to effective interactions between polarons.
The coherent part of the Hamiltonian Eq. (25), as calculated before, is a two-band Hubbard Hamiltonian. In order to focus on inter-band relaxation effects, we restrict our investigations to the case of a single polaron and ignore the interaction partV P . The incoherent Hamiltonian part Eq. (39) can be treated by a Lindblad master equation. After applying the Born-Markov approximation, the Lindblad equation has the form:
with reduced density operator ρ (t) of the polaron system. All decoherence effects in the system are described by the dissipator:
with the quantum jump operators C αβ ij ≡ â α † iâ β j . These jump operators describe the dynamics of polarons instead of bare impurities, since they include the creation and annihilation operators of the polaron. In the interaction picture withÔ (t) ≡ e −i H T t/ Ô e i H T t/ , the decoherence rates are defined as:
and the correlation functions g αβ;α β ij;i j (τ ) are defined in Appendix B.
In this section, we focus our study on inter-band spontaneous relaxation of the polaron. Due to longitudinal trapping, the energy scales for intra-and inter-band dynamics are mismatched as J 0 ; J 1 ε ∆ P . This allows us to use the rotating wave approximation (RWA) for interband dynamics and decouple it from intra-band dynamics in Eq. (B4). We then use the short-hand notation γ to describe the polaron relaxation processes. Due to the coupling with the bath, a polaron in the upper band can spontaneously relax to the lower band with rate γ 01 i,j and emit a phonon. In our system, the corresponding phonon energy ω q for interband dynamics is much larger than the BEC temperature k B T . For inter-band dynamics, the phonon bath temperature is thus effectively zero. In the interaction picture, this process is described by the master equation
The single polaron spontaneous relaxation rate γ 01 i,j is calculated in Eq. (B14). It is convenient to write the master equation for relaxation processes in momentum space, as long as γ 01 i,j only depends on the value of (i − j):
k is the polaron annihilation operator in momentum space [112, 113] . Here, k, k − q are the quasi-momenta in the first Brillouin zone and C q ≡ C q+zG , z ∈ Z, G = 2π/d. The relaxation rate is written as a function of longitudinal phonon momentum:
where N is lattice number. When qd 2π, the sum over with i = j, involving polaron relaxation effects over different sites, decays rapidly with |i − j|.
The total relaxation rate γ is a sum over longitudinal phonon momenta, γ ≡ q γ q [113] . From the expression of the correlation function g 01 ij (τ ) in Eq. (B12), the polaronic inter-band relaxation contains two terms. The first term in (B12) is a single-phonon process, with the polaron absorbing (emitting) one phonon from (to) the bath. This term is similar to Fermi's Golden Rule except a renormalization factor K 10 i,i (τ )K 01 j,j (0) T . The second term describes higher order processes involving two phonons begin absorbed (emitted), which are absent in Fermi's Golden Rule. In the total relaxation rate, we will only consider the leading-order single-phonon process in Eq. (B14) and neglect the higher-order processes. At zero temperature, only spontaneous emission of phonons is allowed with the single polaron spontaneous relaxation rate
where
i,i (0) T is defined in Eq. (B13) as a renormalization factor for inter-band relaxation dynamics.
In order to investigate how polaron effects affect the inter-band dynamics, we also derive a Lindblad equation for the original "bare" Hamiltonian in Eq. (19) , before the Lang-Firsov transformation had been applied. The corresponding single-impurity spontaneous relaxation rate in this case is
and reduces to Fermi's Golden Rule formula:
Comparing Eq. (44) and Eq. (45), we observe that the renormalization of the band gap from ε ∆ to ε ∆ P increases the energy of the phonon which is created, due to energy conservation. The polaron relaxation rate γ P is also reduced by an additional exponential factor, since the coupling between impurity and bath is also renormalized.
Before we discuss the numerical results for the relaxation rate, let us first look at the behavior of γ q as a function of phonon momentum in the longitudinal direction. For the bare particle relaxation rate, the prediction of Fermi's golden rule gives:
In a deep lattice, the impurity-phonon coupling matrices M αβ q can be approximated by Gaussian functions in Eq. (15) . Then the value of Fermi's golden rule for γ 0 q in Eq. (47) is found to be:
where L x is the phonon quantization length (analogous to the quantization volume Ω) in the longitudinal direction. The phonon momentum in the transverse direction q ⊥ is fixed by energy conservation ω q = ε ∆ ≈ ω x , where
and ω x is the longitudinal oscillation frequency. An additional consequence of energy conservation, is that γ q is cut off when ω q (|q| = q) = ω x . The cut-off is
which only depends on the mass ratio m I /m B between impurity and BEC particles. On the other hand, the polaron relaxation rate γ P q versus longitudinal phonon momentum needs to be calculated numerically from Eq. (43) and Eq. (B14). As we discussed before for the total relaxation rate Eq. (44), we consider only the single-phonon emitting processes and calculate γ P q as:
Comparing with Eq. (47), the polaron relaxation rate has a similar behavior except for an additional renormalization factor. Due to energy conservation, γ P q also has a cut-off when ω q (|q| = q) = ε ∆ P . The renormalized polaron band gap ε ∆ P , which is larger than the bare gap ε ∆ , will shift this cut-off position to higher phonon momentum. At the same time, the renormalization factor in Eq. (50) will reduce the value of γ P q .
In Fig. 6 we show the behavior of the relaxation rate γ On the other hand, as the impurity-BEC coupling is increased, the polaron relaxation rate γ P q from Eq. (50) is renormalized by the polaron band gap ε ∆ P and renormalization factor. The increased polaron band gap will involve more phonons by shifting the cut-off momentum (49) , while the renormalization factor reduces the whole momentum range. In Fig. 6 we also show the polaron relaxation rate γ P q with blue (red) curve at κ = 1(2) and total relaxation rate γ P with blue (red) area.
As shown in Fig. 6 , the renormalization of the relaxation rate is different for various impurity-BEC mass ratios. For larger mass ratio (heavy impurity) such as a system with single 133 Cs impurity coupled with 87 Rb BEC, the polaron relaxation processes will be enhanced by the shift of the cut-off momentum and increase the total rate. On the other hand, for smaller mass ratio (light impurity) such as a 6 Li impurity coupled with 23 Na BEC, the higher momentum cut-off for |qσ x | is not so important due to Gaussian decay of γ q . In this case, the renormalization factor will reduce γ P q as well as the total relaxation rate γ P . We can also expect that, for extremely strong impurity-BEC coupling, the total relaxation rate will be reduced due to this renormalization factor with any mass ratio.
Finally we compare the polaronic inter-band relaxation rate γ P and Fermi Golden Rule results γ 0 in Fig. 7 as a function of coupling constant and for different impurity-BEC mass ratios. As we have already seen in Fig. 6 , the polaron formation will renormalize the inter-band relaxation rate differently, depending on the mass ratio.
We first consider the weak impurity-BEC coupling regime with small κ in Fig. 7(a) . For a heavy impurity coupled to a light BEC bath, the inter-band relaxation process involves more phonon modes and will be enhanced. The difference in the ratio γ P /γ 0 between polaronic relaxation and the Fermi Golden Rule result increases with coupling constant κ. On the other hand, for a light impurity coupled to a heavy BEC, the impurity is dressed by heavy phonons in each band and tends to localize in the same band. Although the inter-band relaxation process does involve more phonon modes than the Fermi Golden Rule result, this effect is highly suppressed due to Gaussian decay of γ q with high momentum. The ratio γ P /γ 0 will be reduced in this system. We also notice Figure 7 : Ratio between polaron inter-band relaxation rate γ P and Fermi Golden Rule results γ 0 at different impurity-BEC mass ratio. (a) In the weak coupling regime, this ratio is increased with the coupling constant κ for a heavy impurity coupled to a light BEC bath, and decreased for a light impurity coupled to a heavy BEC bath. The boson-boson scattering length here is chosen as aB = 100a0 and κc = 2.4. (b) In the strong coupling regime, the polaron inter-band relaxation processes for any impurity-BEC mass ratio are suppressed. This leads to an inter-band self-trapping effect. The bosonboson scattering length here is aB = 0.2a0 and κc = 255. We use mI = 133, mB = 87 for a 133 Cs impurity and 87 Rb BEC (blue line), mI = 40, mB = 41 for a 40 K impurity and 41 K BEC (green line), and mI = 6, mB = 23 for a 6 Li impurity and 23 Na BEC (red line). Other parameters are V that the ratio γ P /γ 0 is not sensitive to the longitudinal trapping potential.
On the other hand, we can access the strong coupling regime by tuning the Bose-Bose scattering a B to a small positive value, since the allowed maximum coupling constant in Eq. (18) goes as κ c ∝ 1/ n 0 a 3 B 1/4 . For the strong impurity-BEC coupling region with large κ in Fig. 7(b) , though the Lindblad master equation might not be accurate enough for such strong inter-band coupling, we can still obtain some qualitative insight. In each band, the polaron is tightly dressed by phonons with different coupling strength, such that the polaron behaves as a quasi-particle with rather different properties in each band. Also, the band gap ε ∆ P is enhanced in comparison to the bare case, so the polaron cannot hop between bands by creating or annihilating phonons. As shown in Fig. 7(b) , we indeed obtain a suppressed inter-band relaxation process. This inter-band self-trapping effect is expected in a strongly coupled impurity-BEC system. In a realistic impurity-BEC system, this effect might be also observed together with the well known self-trapping effect due to deformation of BEC [59, 88, [114] [115] [116] [117] [118] .
VI. CONCLUSIONS
In conclusion, we have studied a two-band Hamiltonian with Fröhlich impurity-phonon coupling with both intraand inter-band terms. Such a Hamiltonian can be realized in experiments where few impurities are immersed in a Bose-Einstein condensate of another species. The impurities are trapped by an anisotropic optical lattice behave as quasi-1D particles. Based on the Lang-Firsov transformation, we have derived and applied a variational two-band polaron transformation. We have calculated the coherent part of the resulting effective Hamiltonian with two (polaron) bands. In each band the impurity is dressed by phonons as a quasi-particle (polaron) with different properties. The polaronic intra-band coherent transport and polaron effective mass are both renormalized. Due to the coupling with bath, there are also induced on-site polaron energy shifts, and long-range interactions between different polarons.
In order to account for the residual incoherent coupling between polaron and bath, we have derived a Lindblad master equation, and focused on the single-polaron interband relaxation dynamics. Comparing to Fermi's Golden Rule calculations for the bare impurities, we found the renormalization of the relaxation rate to depend on the mass ratio of impurity and BEC particles. These polaronic effects in the inter-band relaxation dynamics might be observed in ongoing experiments. In the strong coupling limit of the two-band Fröhlich Hamiltonian, the impurity is inter-band self-trapped and can not tunnel between bands by creating or annihilating phonons.
By using the relation â 
withX i = e −Ĉi is defined in Eq. (21) . The phonon annihilation operators can also be transformed in a similar way as:
. . . and thus
Different from the single band case, all higher commutators in Eq. (A5) are nonzero except when [Λ q , Λ q ] = 0. The Hamiltonian is transformed as:
The resulting polaron Hamiltonian is presented in Eq. (24).
Coherent Hamiltonian under thermal average
For completeness, we describe a general calculation of coherent Hamiltonian after two-band transformation. We apply a shorthand notation technique, which was used by Sibley and Munn [102, 103] , to our two-band system. The transformed Hamiltonian in Eq. (19) is complicated since it has no assumptions for the variational parameters Λ q except the symmetry relations in Eq. (14) . On the other hand, for our specific choice of assuming diagonal matrices for the variational parameters, all of the expressions in this section can be shown to be straightforward and simple.
The coherent part H T of Eq. (19) can be calculated by averaging over the phonon bath. Here we assume the phonon bath is thermally distributed at the BEC temperature. From Eq. (19) we find these calculations require several types of thermal average values such as (I)
T . Note that some terms inside (· · · ) T are 2 × 2 matrices. Here we will discuss these terms in details, without making any assumption for the parameters Λ q except that they obey the same symmetry relations as for M q as given in Eq. (14) .
The first coherent part describes a matrix J or ε transformed by operatorX i . We use a general 2 × 2 matrix F instead of J or ε as:
In the last step, we apply the shorthand notation technique and imply index α, α for all functions ofĈ i and the index β , β for all functions ofĈ j [99, 102] . This shorthand notation ignores the commutation of matrices and collects all terms ofĈ i together and allĈ j together, before applying the indices. For an arbitrary operatorĈ and an arbitrary type of averaging involved, the expansion up to the second-order cumulant reads
This expansion is exact if applied without truncation directly to equation (A7) when the matricesĈ commute, i.e.
[Ĉ i ,Ĉ j ] = 0. However, we make the approximation [99, 102] , that the exponential in the short-hand notation also follows such a cumulant expansion. For small deviations from community, this will be a negligible approximation.
Since the operatorsĈ i = q Λ q e iq·Ri b † −q −b q contain only creation and annihilation operators, the coherent part Ĉ T = 0. In this case, we have expĈ T exp Ĉ 2 T /2 .
For the single band calculation, this relation reduces to the Bloch identity and is valid exactly [119] . However, in the two band system this relation is only an approximation because higher order terms are also present. The accuracy depends on the commutator [Λ q , Λ q ]. Here we first apply this approximation with general parameters Λ q :
The exponents above contains matrices Ĉ 2 i T , Ĉ 2 j T , Ĉ iĈj T , which do not commute with each other. Fortunately, by using the shorthand notation (· · · ) αα ;β β , those matrix elements with index αα ; β β do commute between each other. They can be separated into independent exponents. Thermal averages such as Ĉ 2 i T can be calculated easily:
where N q ≡ (exp ( ω q /k B T ) − 1) −1 is the thermally averaged phonon occupation number. The result of Ĉ 2 i T is guaranteed to be a real number because of the symmetry relations Λ i,q = Λ † i,−q . The thermal averages in Eq. (A9) can be calculated as:
(A11) The first and third term are easy to calculate. Then we expand the middle exponential under the shorthand notation (· · · ) α α ;β β :
In each term, we combine elements with the same momentum q:
In order to simplify last part in Eq. (A13), we define 4th rank tensors G ij with elements:
Then the eq. (A13) can be written as:
where e Gij are also 4th rank tensors. The tensors G ij involve only numbers, and thus e Gij can be calculated exactly. Finally, the first thermal average term can be calculated as:
Part II:
Here we calculate the second type of thermal averages by the relation f (x = 1) =´1 0 f (x) dx + f (x = 0):
where we have used the relation Ĉ i ,b † q = −Λ i,q . The first term can be calculated by separating out the bath terms: αα ;γγ ;β β
with α, β, γ applied separately for xĈ i , (1 − x)Ĉ j and −Ĉ k . We have introduced the different indices i, j and k so that we can keep track of the terms required in applying the short-hand notation. In the end, we will set i = j = k to recover the desired result. Using the results from previous section, these thermal averages will be:
with G ij from Eq. (A14). On the other hand, the second term b † q eĈ i M † i,q e −Ĉi T in Eq. (A18) can be calculated as:
From the results in [103] , the elements such as b † q eĈ i−Ĉi T can be obtained by differentiating eĈ i−Ĉi before taking the thermal average. On the other hand, since the thermal average only involves the phonon degrees of freedom, we can switch the order and differentiate eĈ i−Ĉi T after taking the thermal average. By comparing the two steps, we obtain the relation:
which can be calculated by the results in Eq. (A17). As an example, we show a simplified calculation in Eq.(B11), where the transformation matrices Λ i,q are diagonal.
We finally obtain the second term in Eq. (A18): 
whereK αβ i,i (t) andT αβ i,i (t) are also in the interaction picture. The first term in H inc (t) describes intra-band dynamics, while the second term describes inter-band dynamics. In both processes, the polaron will emit (absorb) phonons to (from) the bath. Using the general form of the Lindblad equation in Eq. (41), we can define the decoherence factor γ as: for the second term.
In this paper we focus on inter-band relaxation processes. The relaxation rate γ 
and the thermal averaged results from Bloch identity:
as well as: The elements such as b † q (t)K αβ i,j (t) T can be obtained by using the Glauber formula eÂ +B = eÂeBe 
As an example, averages of b † q (t)K 
The first term in correlation function (B12) is a single-phonon process, which is similar to Fermi's Golden Rule except a renormalization factor K 10 i,i (τ )K 01 j,j (0) T . The second term describes higher order process involving two phonons, which are absent in Fermi's Golden Rule.
The corresponding relaxation rate γ 
